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The properties of the nonlinear frequency shift (NFS) especially the fluid NFS from the harmonic
generation of the ion-acoustic wave (IAW) in multi-ion species plasmas have been researched by
Vlasov simulation. The pictures of the nonlinear frequency shift from harmonic generation and
particles trapping are shown to explain the mechanism of NFS qualitatively. The theoretical model
of the fluid NFS from harmonic generation in multi-ion species plasmas is given and the results of
Vlasov simulation are consistent to the theoretical result of multi-ion species plasmas. When the
wave number kλDe is small, such as kλDe = 0.1, the fluid NFS dominates in the total NFS and will
reach as large as nearly 15% when the wave amplitude |eφ/Te| ∼ 0.1, which indicates that in the
condition of small kλDe, the fluid NFS dominates in the saturation of stimulated Brillouin scattering
especially when the nonlinear IAW amplitude is large.
I. INTRODUCTION
Stimulated Brillouin scattering (SBS), or resonant de-
cay of a light wave into a scattered light wave and an
ion acoustic wave (IAW),[1] plays an important role in
the successful ignition goal of inertial confinement fusion
(ICF).[2, 3] Many methods have been taken to reduce the
SBS scattering level,[4–8] including frequency detuning
due to particle-trapping,[9–14] increasing linear Landau
damping induced by kinetic ion heating,[15, 16] nonlin-
ear damping due to wave-breaking and trapping[17–20]
or coupling with higher harmonics[21, 22].
The nonlinear effect on the frequency and Landau
damping rate of nonlinear ion acoustic waves have re-
ceived renewed interest for their potential role in deter-
mining the saturation in stimulated Brillouin scattering
of laser drivers in inertial confinement fusion (ICF).[23]-
[27] Recently, Albright et al. researched ion-trapping-
induced and electron-trapping-induced IAW bowing and
breakup, they found SBS saturation was dominated by
IAW bowing and breakup due to nonlinear frequency
shift from particles trapping.[28] However, this paper will
show if the wave number kλDe is small, the fluid nonlin-
ear frequency shift from harmonic generation will domi-
nate and should be considered especially when the wave
amplitude is large.
The nonlinear behavior of an ion acoustic wave is a sub-
ject of fundamental interest to plasma physics. The total
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nonlinear frequency shift (NFS) comes from the harmonic
generation and particles trapping. In 1997, the harmonic
nonlinearities in IAW were researched by Cohen et al.
through the single specie cold ion fluid equations.[23]
Then, in 2007, the fluid NFS due to harmonic nonlinear-
ities was reinvestigated by Winjum et al. although the
research was about the electron plasma wave (EPW).[29]
The fluid frequency shift is positive and proportional to
the square of the wave amplitude. In 2013, Berger et al.
derived the fluid NFS of IAW in single-ion specie plasmas
from the isothermal cold ion fluid equations.[30] This pa-
per will show the fluid NFS of IAW in multi-ion species
plasmas.
In the early 1970s, the kinetic nonlinear frequency
shift (KNFS) due to particles trapping was calculated
by Dewar[31] and Morales and O’Neil[32]. In their work,
they assumed that the wave did not contain harmonics
and these derivations were for the case of an EPW, and
were applied to IAW by Berger et al.[30]. The KNFS is
proportional to the square root of the wave amplitude.
In 2013, Chapman et al. researched the kinetic non-
linear frequency shift in multi-ion species plasmas.[33]
In their research, in the condition of the wave number
kλDe = 1/3, the KNFS dominated in the scope of wave
amplitude researched. However, the fluid nonlinear fre-
quency shift from harmonic generation made use of the
result of single-ion specie plasmas that was derived by
Berger[30]. Therefore, it was clear that calculations of
the KNFS matched Vlasov results well for low wave am-
plitude, but underestimated the total NFS at higher am-
plitudes where harmonic generation was expected to con-
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2tribute a further positive frequency shift. For the system
in Chapman’s research is multi-ion species system, the
fluid NFS model should make use of the multi-ion species
fluid NFS model. This paper will give a multi-ion species
fluid NFS model to improve the single-ion specie fluid
NFS model. And the multi-ion species fluid NFS model
have a further positive frequency shift than the single-
ion specie fluid NFS model and will fit the Vlasov results
better.
In this paper, when the wave number is small such as
kλDe = 0.1, the fluid NFS from harmonic generation is
important especially when the wave amplitude is large.
And the multi-ion species fluid NFS model is given to
calculate the fluid NFS. The Vlasov simulation results are
verified to be consistent to the theoretical model of the
total NFS including fluid NFS and kinetic NFS in multi-
ion species plasmas. When kλDe = 0.1, the total NFS
can reach a value nearly 15% when the nonlinear IAW
amplitude |eφ/Te| reaches about 0.1, which is much larger
than the total NFS in the condition of kλDe = 1/3[33].
This indicates that when kλDe is small, the fluid NFS will
reach a large level especially when the wave amplitude is
large, thus dominating in the total NFS so that the fluid
NFS dominants in the saturation of SBS by IAW bowing
and breakup[28].
II. THEORETICAL MODEL
A. Fluid theory: nonlinear frequency shift from
harmonic generation in multi-ion species plasmas
Taking the charge and the number fraction of the ion
specie α to be Zα and fα, the electron density, ne, and
the total ion density, ni, are related through the average
charge, Z¯, i.e., ne = niZ¯. The ion number densities are
given by
nα = fαni = fαne/Z¯,
Z¯ =
∑
α
fαZα.
(1)
Here, multi ion species and isothermal Boltzmann elec-
trons are considered in this cold ion fluid model, the non-
linear frequency shift from harmonic generation is de-
rived from the multi species isothermal cold ions fluid
equations:
∂nα
∂t
+
∂nαvα
∂x
= 0,
∂vα
∂t
+ vα
∂vα
∂x
= −C2α
∂φ˜
∂x
,
− Te
e
∂2φ˜
∂x2
+ 4piene0exp(φ˜) = 4pi
∑
α
qαnα,
(2)
where Cα =
√
ZαTe/mα is the sound velocity of ion
α, φ˜ = eφ/Te is the normalized electrostatic poten-
tial. Initial charge satisfies charge conservation, i.e.,
∑
α
qαnα0 = ene0. Following Berger et al.,[30] one ex-
pands the variables in a Fourier series
(φ˜, nα, vα) =(φ˜0, nα0, vα0)+
1
2
∑
l 6=0
(φ˜l, nαl, vαl)exp[il(kx− ωt)], (3)
with the condition (φ˜−l, nα,−l, vα,−l) = (φ˜l, nαl, vαl)∗
and keeping terms for l = 0,±1,±2 up to 2nd order with
expφ˜ ' 1 + φ˜ + 12 φ˜2. Retaining the same exponents in
the Fourier series, for v0 = 0, nα0 = fαni0 = fαne0/Z¯ =
constant, one finds from Eq. (2) for l = 0
ene0(1 + φ˜0 +
1
2
φ˜20 +
1
4
|φ˜1|2 + 1
4
|φ˜2|2) =
∑
α
qαnα0, (4)
by conservation of charge, ene0 =
∑
α
qαnα0, it thus ob-
tains that
φ˜0 +
1
2
φ˜20 = −
1
4
|φ˜1|2 − 1
4
|φ˜2|2. (5)
For l = 1, the equations are
− iωnα1 + iknα0vα1 = −i1
2
knα,−1vα2 − i1
2
knα2vα,−1,
− iωvα1 + ikC2αφ˜1 = −i
1
2
kvα,−1vα2,
[
Te
e
k2 + 4piene0(1 + φ˜0)]φ˜1
− 4pi
∑
α
qαnα1 = −1
2
4piene0φ˜2φ˜−1.
(6)
For l = 2, the corresponding equations are
− 2iωnα2 + i2knα0vα2 + iknα1vα1 = 0,
− 2iωvα2 = −i2k[C2αφ˜2 +
1
4
v2α1],
[4
Te
e
k2 + 4piene0(1 + φ˜0)]φ˜2 +
1
4
4piene0φ˜
2
1 = 4pi
∑
α
qαnα2.
(7)
Defining C22s =
∑
α
Zαnα0
ne0
C2α, C
4
4s =
∑
α
Zαnα0
ne0
C4α and
C2sl = l
2k2C22s/(1 + l
2k2λ2De), by keeping terms only to
2nd order in φ˜1, then one obtains the relation between
φ˜2 and φ˜1:
φ˜2 = A2φφ˜
2
1, (8)
where
A2φ =
1
4
C2s2
4ω2 − C2s2
[3
k2C44s
ω2C22s
− ω
2
k2C22s
]. (9)
Using φ˜0 ' −|φ˜1|2/4 and defining C66s =∑
α
Zαnα0C
6
α/ne0 correspondingly, retaining harmonic
corrections to the linear dispersion relation again to the
3second order in φ˜1 and keeping the lowest nonlinear term,
the nonlinear equation for the amplitude of φ˜1 is obtained
as follows:
(ω2 − C2s1)φ˜1 = (A2φCA2φ + C2)|φ˜1|2φ˜1, (10)
where
CA2φ =
C2s1
2
[− ω
2
k2C22s
+ 3
k2C44s
ω2C22s
],
C2 =
C2s1
8
[2
ω2
k2C22s
+ 5
k4C66s
ω4C22s
].
(11)
Taking the effective fundamental IAW frequency af-
ter accounting for harmonic effects ωharm = ω0 +δωharm
and the linear fundamental frequency of IAW ω0 ' Cs1 =
kC2s/
√
1 + k2λ2De = kCα
√∑
α
Zαnα0
ne0
/
√
1 + k2λ2De, then
the frequency shift of the first harmonic due to the inclu-
sion of the second harmonic terms in multi species ions
plasmas is given by
δωharm
ω0
=
1
2
∆
ω2
|φ˜1|2 = L|φ˜1|2, (12)
where L = 12
∆
ω2 is the fluid NFS coefficient and ∆ is
defined by
∆ ≡ A2φCA2φ + C2. (13)
By combining Eqs. (11), (12), (13), then the final result
of δωharm/ω is related to the wave number kλDe and the
second order in φ˜1
δωharm
ω0
= L|φ˜1|2 =
[
−2A2φ + 1
8(1 + k2λ2De)
+
(1 + k2λ2De)
2
(C22s)
2
(
6A2φC
4
4s
1 + k2λ2De
+ 5
C66s
C22s
)]| ˜φ1|2,
(14)
where the 2nd harmonic coefficient A2φ is defined in Eq.
(9).
As shown in Fig. 1(a), when kλDe is small, the 2nd
harmonic coefficient A2φ is large and the contribution of
φ˜2 is strong for the reason that the second harmonic be-
comes more resonant as 4ω2−C2s2 = 4C2s1−C2s2 decreases
strongly with kλDe decreasing. Fig. 1(c) shows that with
kλDe increasing, the fluid NFS coefficient first decreases
quickly and then slowly increases, the turning point is
kλDe ' 0.5 and the SBS relevant wave number is usu-
ally kλDe < 0.5. To research the fluid NFS in multi-ion
species plasmas, CH (1:1) plasmas are taken as an typ-
ical multi-ion species plasmas. We can see that the 2nd
harmonic coefficient A2φ of CH plasmas is slightly larger
than that of the single-ion specie plasmas, as a result, the
fluid NFS coefficient L from the harmonic generation in
CH plasmas is slightly higher than that of the single-ion
specie plasmas as shown in Figs. 1(a) and 1(c). Espe-
cially, when kλDe is small, such as kλDe = 0.1, harmonic
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FIG. 1. (Color online) (a) The coefficient of the 2nd harmonic
A2φ and (c) the fluid NFS coefficient L as a function of the
wave number kλDe. In the condition of kλDe = 0.1, (b)
the 2nd harmonic amplitude eφ2/Te and (d) the fluid NFS
δωharm/ω0 as a function of |eφ1/Te|. The black solid line
presents for single-ion specie plasmas and the red dot dash
line for CH (1:1) plasmas.
effect is obvious and the deviation of the harmonic effect
between the single-ion specie plasmas and the multi-ion
species plasmas is also obvious as shown in Figs. 1(b)
and 1(d). When the number fraction fH = 0 or fC = 0,
the results from the multi-ion species plasmas including
A2φ and L are the same with that of the single-ion specie
plasmas. When the number fraction varies, the results
from the multi-ion species plasmas including A2φ and L
varies correspondingly.
B. Kinetic theory: nonlinear frequency shift from
particles trapping in multi-ion species plasmas
The linear kinetic theory of ion-acoustic wave (IAW)
in homogeneous, non-magnetized plasmas consisting of
multi-species ions is considered. Assume that the same
temperature of all ions equals to Ti and the electron tem-
perature equals to Te. The linear dispersion relation of
the IAW in multi-ion species plasmas is given by
L(ω, k) = 1 +
∑
j
1
(kλDj)2
(1 + ξjZ(ξj)) = 0, (15)
where ξj = ω/(
√
2kvtj), and Z(ξj) is the dispersion func-
tion, j presents for electron, H ion or C ion. vtj =√
Tj/mj is the thermal velocity of particle j. λDj =√
Tj/4pinjZ2j e
2 is the Debye length. Tj ,mj , nj , Zj are
the temperature, mass, density and charge number of
specie j.
4The derivation of the kinetic nonlinear frequency
shift (KNFS) of electrostatic waves resulting from par-
ticles trapping is originally presented by Dewar[31] and
Morales and O’Neil[32], and is applied to the case of
IAWs in single ion specie plasmas (such as H or He ion)
by Berger[30]. The following kinetic nonlinear frequency
shift (KNFS) in multi-ion species plasmas is given by
Berger:
δωkinNL ' −[
∂L(ωL)
∂ω
]−1
∑
j
αj
ω2pj
k2
∆vtr,j
d2(f0/N)
dv2
|vφ ,
(16)
where the initial distribution f0 is assumed to be
Maxwellian distribution, then
d2(f0/N)
dv2
=
1√
2pi
1
v3th
[(v/vth)
2 − 1]e− 12 ( vvth )2 ,
and ∆vtr,j = 2
√
|qj |φ0
mj
, α is a constant which is depen-
dent on how the wave was excited, αj = αsud = 0.823
for sudden excitation, αj = αad = 0.544 for adia-
batic excitation, j presents for H ion or C ion, how-
ever, the excitation condition of electrons is adiabatic
i.e., αe = αad = 0.544.[30] In this paper, adiabatic exci-
tation is taken for it is more relevant to the conditions
here and stimulated Brillouin scattering processes.
III. VLASOV SIMULATION
One dimension in space and velocity (1D1V) Vlasov-
Poisson code[34, 35] is taken to excite the nonlinear IAW
and research the properties of the nonlinear frequency
shift of the nonlinear IAW in CH plasmas. The split
method[36, 37] is taken to solve Vlasov equation, we split
the time-stepping operator into free-streaming in x and
motion in vx, then we can get the advection equations.
A third order Van Leer scheme (VL3)[38, 39] is taken to
solve the advection equations. A neutral, fully ionized,
non-magnetized CH plasmas (1:1 mixed) with the same
temperature of all ion species (TH = TC = Ti) is con-
sidered. To solve the particles behavior, the phase space
domain is [0, Lx]×[−vmax, vmax], where Lx = 2pi/k is the
spatial scale discretized with Nx = 128 grid points in the
spatial domain and vmax = 8vtj (j presents for electrons,
H ions or C ions) is the velocity scale with Nv = 256
grid points in the velocity domain. The periodic bound-
ary condition is taken in the spatial domain and the time
step is dt = 0.1ω−1pe . To generate a driven IAW, one
considers the form of the external driving electric field
(driver) as
E˜d(x, t) = E˜d(t)sin(kx− ωdt), (17)
where tilde presents for normalization E˜d = eEdλDe/Te.
ωd and k are the frequency and the wave number of the
driver. E˜d(t) is the envelope of the driver only related
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FIG. 2. (Color online) Time evolution of the electric field,
calculated at a fixed point x0 = 5λDe, for (a) Ti/Te =
0.1, the fast IAW mode (the frequency of the driver ωd =
1.965 × 10−3ωpe, the maximum amplitude of the driver
eEmaxd λDe/Te = 0.03), (b) Ti/Te = 0.5, the slow IAW mode
(ωd = 1.75 × 10−3ωpe, eEmaxd λDe/Te = 0.0533) in the condi-
tion of kλDe = 0.1. The red line is the envelop of the driver.
with time
E˜d(t) =
E˜maxd
1 + ( t−t01
2 t0
)10
, (18)
where E˜maxd = eE
max
d λDe/Te is the maximum amplitude
of the driver, t0 is the duration time of the peak driving
electric filed. The form of the envelop of the driver can
ensure that the waves are driven slowly by the driver up
to a finite amplitude, thus a so-called “adiabatic” distri-
bution of resonance particles is formed.[30, 31] Otherwise,
if the wave is initialized suddenly with a large amplitude,
a so-called “sudden” distribution of resonance particles
will be formed.[30–32]
In this paper, the fundamental frequency of the IAW
calculated by the linear dispersion relation is chosen as
the driver frequency, i.e., ωd = ωL which is close to the
resonant frequency of the small-amplitude nonlinear IAW
when kλDe is small. The amplitude of the driver E˜
max
d
varies to excite different amplitude of nonlinear IAW. As
shown in Fig. 2, the examples of the driver amplitude
E˜maxd = 0.03 for the fast mode and E˜
max
d = 0.0533 for
the slow mode are taken to excite the nonlinear IAW with
the amplitude E˜ ≈ 0.01. The external driving electric
field is on from 0 to 2 × 105ω−1pe with the duration time
t0 = 1 × 105ω−1pe which is much longer than the bounce
time of the particles τbj = 2pi/
√
qjkE/mj so to ensure
the excitation of the nonlinear IAW. After the driver is
off, the electric field oscillates at almost constant ampli-
tude, with a value that depends on the the driver ampli-
tude E˜maxd . We can notice that impulsive spikes appear
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FIG. 3. (Color online) The frequency spectra of the electric
field at x0 = 5λDe and ωpet ∈ [0, 2× 105] (black dashed line),
ωpet ∈ [3× 105, 4.9× 105](red solid line) for (a) the fast mode
and (b) the slow mode. Corresponding to Fig. 2.
0 0.02 0.04 0.06−0.02
0
0.02
0.04
0.06
0.08
eφ1/Te
e
φ 2
/T
e
 
 
kλDe=0.1
single−ion specie
multi−ion species
Vlasov data, fast mode
Vlasov data, slow mode
FIG. 4. (Color online) The relation of the second harmonic
amplitude and the first harmonic amplitude for the fast mode
and the slow mode. The simulation results are compared to
the fluid theory including the cold ion fluid model of single-ion
specie and multi-ion species.
in the electric field and the electric signal appears to be
composed of many frequencies. Fourier analysis (shown
in Fig. 3) will reveal the development of the harmonics
when the driver is on and off, and also the frequency shift
due to the harmonic generation.
In Fig. 3, the frequency spectra analyses of the time
period when the driver is on, i.e., ωpet ∈ [0, 2 × 105],
are shown as the black dashed lines which are labeled as
ω0. When the driver is off and the electric field of IAW
reaches constant amplitude, i.e., ωpet ∈ [3×105, 4.9×105],
the frequency spectra are shown as the red solid lines
which are labeled as ω0 + δω. When the driver is on,
the amplitude of the fundamental frequency ω0 is much
larger than that of the harmonics. In this period, the
harmonic is weak and the frequency ω0 is near the driver
frequency ωd. However, when the driver is off and the
electric field of the nonlinear IAW reaches constant fi-
nite amplitude, the harmonics especially the second har-
monics grow and reach an amplitude level comparable
to that of the fundamental mode driven by the driver.
In this period, the frequency of the fundamental modes
will shift with a quantity of δω relative to ω0. The same
process appears for the fast mode and the slow mode.
These cases are taken to qualitatively show the nonlin-
ear frequency shift of the IAW at the IAW electric field
amplitude E˜ ≈ 0.01 corresponding to the condition of
Fig. 2. The quantitatively calculations will be shown in
Fig. 6. While the quantity of the frequency shift δω is
related to not only the amplitude of the nonlinear IAW
but also the wave number kλDe, which will be discussed
in Sec. IV.
Fig. 4 shows that the 2nd harmonic amplitude eφ2/Te
varies with the fundamental mode amplitude |φ˜1| (or the
first harmonic amplitude, φ˜1 = eφ1/Te, corresponding
to the mode labeled as ω0 + δω in Fig. 3). With the
fundamental mode amplitude |φ˜1| increasing, the har-
monics especially the 2nd harmonic will increase corre-
spondingly, which is consistent to the theoretical result
of Fig. 1(b) from Eq. 8 in the appropriate range of
φ˜1. However, if the fundamental mode amplitude φ˜1 is
too large (φ˜1 >∼ 0.06), the theoretical curve from Eq. 8
will fail to fit the Vlasov simulation datas well due to
the large amplitude higher-order harmonics such as the
third even the fourth harmonics generation. Thus the
multi-ion species fluid NFS model should be applied in
the appropriate range of IAW amplitude. In the condi-
tion of the small wave number, such as kλDe = 0.1, the
harmonic effect is obvious especially when the nonlinear
IAW amplitude is large. As a result, the fluid NFS from
harmonic generation will dominate in the total NFS. In
our paper and also in Chapman’s research[33], the multi-
ion species plasmas are considered. Therefore, the multi-
ion species fluid NFS should be taken rather than the
single-ion specie fluid NFS that was taken in Chapman’s
research. The detail discussions are given as shown in
Sec. IV.
The total nonlinear frequency shift comes from the har-
monic generation (fluid) and the particles trapping (ki-
netic). As shown in Fig. 5, the distributions and the
phase pictures of particles for the fast mode and the slow
mode are given to clarify the wave and particles interac-
tion, thus the nonlinear frequency shift from particles
trapping. After a certain number of bounce times, a
quasi-steady, BGK-like state[40] is thus established. For
the phase velocities of both the fast mode and the slow
mode are lower than the thermal velocity of electrons,
6FIG. 5. (Color online) The phase pictures and the corresponding distributions of electrons, H ions and C ions for the fast mode
and the slow mode at the specific time ωpet0 = 4× 105, E˜ ≈ 0.01. vφD is the phase velocity of the driver.
thus the wave will gain energy from the electrons, as a
result, electrons will provide a positive frequency shift of
the nonlinear IAW. The contribution of H ions and C ions
to the NFS of the fast mode and the slow mode is different
for the different phase velocity of the modes compared to
the ions thermal velocity. For the fast mode, the phase
velocity is 2-3 times of the thermal velocity of H ions and
much larger than that of C ions, thus the wave will give
energy to H ions by trapping and can nearly not trap
C ions, as a result, H ions will provide a negative NFS
while C ions make no contribution to the NFS of the fast
mode. However, for the slow mode, the phase velocity is
close to the thermal velocity of H ions and 3-4 times of
that of C ions, the wave and H ions will nearly not ex-
change energy while the wave will give energy to C ions
by trapping, thus H ions nearly make no contribution to
the NFS while C ions provide a negative NFS of the slow
mode. This is the explanation of kinetic nonlinear fre-
quency shift (KNFS) from each species for both the fast
mode and the slow mode in the view of energy exchange
of the wave and particles, which is consistent to the ex-
planation of KNFS by Chapman[33] through theoretical
analysis.
In Fig. 6, the Vlasov simulation datas of the NFS
of nonlinear IAWs in the condition of kλDe = 0.1 is
given when the electric field amplitude of nonlinear IAW
varies. The fundamental frequency of the nonlinear
IAW ω0 in the Vlasov datas is chosen as the frequency
calculated by the dispersion relation with no damping
Re(L(Re(ω), k)) = 0. In the condition of kλDe = 0.1,
the fluid NFS from harmonic generation is larger than the
kinetic NFS from particles trapping when |eφ/Te|1/2 >∼
0.15. And the total NFS, δωNL/ω0, can reach as large as
nearly 15% when the nonlinear IAW amplitude |eφ/Te|
reaches 0.1 in which the Vlasov simulation datas match
the theory analytical curve (δωkinNL + δω
flu
NL) well. These
results indicate the total NFS can reach a relative large
value when the wave number kλDe is small for the reason
that the NFS from harmonic generation dominants and
increases quickly with the electric field amplitude, which
is much larger than that researched by T. Chapman[33] in
the condition of kλDe = 1/3. The comparison of the to-
tal NFS of the modes in the condition of kλDe = 0.1 and
kλDe = 1/3 will be shown in Fig. 7. The Vlasov simula-
tion datas are consistent to the curve of the total NFS in-
cluding fluid NFS and kinetic NFS, δωfluNL+ δω
kin
NL, where
adiabatic is taken as the excitation condition of the ions
and the fluid NFS analysis δωfluNL is given by the multi-
species cold ions fluid model. This verifies that the the-
oretical model of the fluid NFS in multi-ion species plas-
mas is valid in appropriate scale of φ˜ (not too large). In
the research of T. Chapman, the theory analysis of NFS
from harmonic generation used the single-specie cold ion
fluid model which was derived by Berger[30]. It was clear
that calculations of δωkinNL from the kinetic NFS theory
matched Vlasov datas well for low φ˜, in which the kinetic
NFS dominated, however, underestimated the total NFS
δωNL at higher amplitudes of φ˜ for the reason that har-
monic generation in multi-ion species plasmas will con-
tribute a further positive frequency shift than single-ion
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FIG. 6. (Color online) The nonlinear frequency shift (NFS)
of (a) the fast mode, Ti/Te = 0.1 and (b) the slow mode,
Ti/Te = 0.5 compared to fluid theory in the multi-ion species
plasmas (Sec. II A) and the kinetic theory (Sec. II B) in the
condition of kλDe = 0.1, where “sudden” and “adiabatic”
represent for the excitation condition of the ions (C or H
ions), the excitation condition of the electrons is adiabatic,
i.e., αe = αad.
specie plasmas as shown in Fig. 8. The comparison of
the fluid NFS (or the total NFS) in the multi-ion species
plasmas and the single-ion specie plasmas in the condi-
tion of Ref. [33] will be shown in Fig. 8.
However, when the nonlinear IAW amplitude is too
large, the higher-order harmonics such as the third even
the fourth harmonic will be excited resonantly to a large
amplitude, thus the theoretical model of the fluid NFS
from harmonic generation in multi-ion species plasmas
should retain the higher order of the variables in a Fourier
series.
IV. DISCUSSIONS
Fig. 7 shows the total NFS (fluid plus kinetic) of CH
plasmas (C:H=1:1) as a function of wave amplitude for
various values of the wave number kλDe. We can see
that the total NFS in the condition of kλDe = 0.1 is
much larger than that in the condition of kλDe = 1/3
which is the condition in Ref. [33]. The reason is that
for small kλDe, harmonic generation plays a prominent
role in NFS. With kλDe increasing, the fluid NFS de-
creases obviously as shown in Fig. 1(c), thus the total
NFS decreases correspondingly.
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FIG. 7. (Color online) The analytical results of the total
nonlinear frequency shift of (a) the fast mode, Ti/Te = 0.1
and (b) the slow mode, Ti/Te = 0.5 for various values of kλDe,
where “adiabatic”is considered as the excitation condition of
the ions (C or H ions). “total” presents for the total NFS, i.e.,
the kinetic NFS plus the multi-ion species fluid NFS δωkinNL +
δωfluNL,multi− ion species.
To compare the multi-ion species fluid NFS and Chap-
man’s research[33], the condition of the slow mode
Ti/Te = 0.5, kλDe = 1/3, which is the same as Ref.
[33], is taken as an example. The kinetic theory is the
same as Chapman’s research (as shown in Sec. II B) and
the excitation condition of the ions is “adiabatic”. As
shown in Fig. 8, especially when the IAW amplitude
is large, the multi-ion species fluid NFS (Sec. II A) is
larger than the single-ion specie fluid NFS which was de-
rived by Berger[30] and made use of by Chapman in Ref.
[33]. Thus, the total NFS (kinetic NFS plus multi-ion
species fluid NFS) is larger than the total NFS in Ref.
[33] (kinetic NFS plus single-ion specie fluid NFS) espe-
cially when the IAW amplitude is large. This result of
multi-ion species fluid NFS will make the total NFS fit
the Vlasov datas in Fig. 3(d) of Ref. [33] better espe-
cially at higher IAW amplitude. This fluid NFS model of
multi-ion species plasmas is a correction to the research
of Chapman et al. [33] for their research just considered
the single-ion specie fluid NFS model that was derived
by Berger[30].
When fC = 0, fH = 1, i.e., in the H plasmas, the
fluid NFS from the multi species cold ions fluid model is
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FIG. 8. (Color online) The comparison of the multi-ion
species fluid NFS (the total NFS: δωkinNL + δω
flu
NL,multi− ion)
and the single-ion specie fluid NFS (the total NFS: δωkinNL +
δωfluNL, single− ion) for the slow mode in the condition of Ref.
[33], Ti/Te = 0.5, kλDe = 1/3, corresponding to Fig. 3(d) in
Ref. [33].
consistent to that from the single specie cold ion fluid
model derived by Berger[30]. This indicates that the
multi-ion species NFS model is valid and can also cover
the single-ion specie NFS model if we take fC = 0 or
fH = 0. We can find the single-ion specie fluid NFS
model is independent of the ion specie. However, the
multi-ion species fluid NFS model is related to the ion
specie and the number fraction of the ion fi. This paper
takes fC = fH = 0.5 as an example, the fluid NFS of
multi-ion species plasmas is larger than that of single-
ion specie plasmas for the effect of mass and charge in
multi-ion species plasmas, thus harmonic generation in
multi-ion species plasmas contributes a further positive
frequency shift. This multi-ion species fluid NFS model
gives the explanation of why the calculations of total NFS
in Fig. 3(d) of Ref. [33] underestimate the real NFS
δωNL at higher IAW amplitudes.
V. CONCLUSIONS
In summary, the nonlinear frequency shift from
harmonic generation derived from the multi-species cold
ions fluid model has been given to calculate the fluid
NFS for the first time and verified to be consistent to
the Vlasov results for both the fast mode and the slow
mode. And this multi-ion species fluid NFS model can
be applied to many multi-ion species plasmas. The
pictures of the NFS of nonlinear IAW from the harmonic
generation and the particles trapping are shown to
explain the NFS process. The fluid NFS from harmonic
generation is related to not only the nonlinear IAW
amplitude but also the wave number kλDe. When the
wave number kλDe = 0.1, the fluid NFS from harmonic
generation dominants in the scale of |eφ/Te|1/2 >∼ 0.15
and will reach as large as ∼ 15% when |eφ/Te|1/2 ∼ 0.35
in which the theory analytical calculations are consistent
to the Vlasov simulation results. This indicates that
the fluid NFS dominants in the saturation of SBS in
the condition of small kλDe especially when the wave
amplitude is large.
ACKNOWLEDGMENTS
We are pleased to acknowledge useful discussions with
K. Q. Pan. This research was supported by the Na-
tional Natural Science Foundation of China (Grant Nos.
11575035, 11475030 and 11435011) and National Basic
Research Program of China (Grant No. 2013CB834101).
[1] W. L. Kruer, The Physics of Laser Plasma Interactions
(Addison-Wesley, New York, 1998), pp. 87-95.
[2] J. D. Lindl, P. Amendt, R. L. Berger, S. G. Glendin-
ning, S. H. Glenzer, S. W. Haan, R. L. Kauffman, O. L.
Landen, and L. J. Suter, Phys. Plasmas 11, 339 (2004).
[3] S. H. Glenzer, B. J. MacGowan, P. Michel, N. B. Meezan,
L. J. Suter, S. N. Dixit, J. L. Kline, G. A. Kyrala, D.
K. Bradley, D. A. Callahan, E. L. Dewald, L. Divol, E.
Dzenitis, M. J. Edwards, A. V. Hamza, C. A. Haynam,
D. E. Hinkel, D. H. Kalantar, J. D. Kilkenny, O. L. Lan-
den, J. D. Lindl, S. LePape, J. D. Moody, A. Nikroo, T.
Parham, M. B. Schneider, R. P. J. Town, P. Wegner, K.
Widmann, P. Whitman, B. K. F. Young, B. Van Won-
terghem, L. J. Atherton, and E. I. Moses, Science 327,
1228 (2010).
[4] P. Neumayer, R. L. Berger, L. Divol, D. H. Froula, R.
A. London, B. J. MacGowan, N. B. Meezan, J. S. Ross,
C. Sorce, L. J. Suter and S. H. Glenzer, Phys. Rev. Lett.
100, 105001 (2008).
[5] L. Divol, B. I. Cohen, E. A. Williams, A. B. Langdon,
and B. F. Lasinski, Phys. Plasmas 10, 3728 (2003).
[6] R. L. Berger, C. H. Still, E. A. Williams, and A. B. Lang-
don, Phys. Plasmas 5, 4337 (1998).
[7] L. Divol, B. I. Cohen, E. A. Williams, A. B. Langdon, B.
F. Lasinski, D. Froula, and S. H. Glenzer, Phys. Plasmas
10, 1822 (2003).
[8] K. Estabrook, W. L. Kruer, and M. G. Haines, Phys.
Fluids B 1, 1282 (1989).
[9] C. E. Clayton, C. Joshi, and F. F. Chen, Phys. Rev. Lett.
51, 1656 (1983).
[10] H. Ikezi, K. Schwarzenegger, and A. L. Simons, Phys.
Fluids 21, 239 (1978).
[11] D. H. Froula, L. Divol, and S. H. Glenzer, Phys. Rev.
Lett. 88, 105003 (2002).
[12] A. A. Andreev and V. T. Tikhonchuk, Sov. Phys. JETP
68, 1135 (1989).
[13] R. E. Giacone and H. X. Vu, Phys. Plasmas 5, 1455
(1998).
9[14] H. X. Vu, D. F. DuBois, and B. Bezzerides, Phys. Rev.
Lett. 86, 4306 (2001).
[15] C. J. Pawley, H. E. Huey, and N. C. Luhmann, Jr., Phys.
Rev. Lett. 49, 877 (1982).
[16] P. W. Rambo, S. C. Wilks, and W. L. Kruer, Phys. Rev.
Lett. 79, 83 (1997).
[17] W. L. Kruer, Phys. Fluids 23, 1273 (1980).
[18] M. J. Herbst, C. E. Clayton, and F. F. Chen, Phys. Rev.
Lett. 43, 1591 (1979).
[19] J. Handke, S. A. H. Rizvi, and B. Kronast, Phys. Rev.
Lett. 51, 1660 (1983).
[20] J. E. Bernard and J. Meyer, Phys. Rev. Lett. 55, 79
(1985).
[21] J. A. Heikkinen, S. J. Karttunen, and R. R. E. Salomaa,
Phys. Fluids 27, 707 (1984).
[22] W. Rozmus, M. Casanova, D. Pesme, A. Heron, and J.-C.
Adam, Phys. Fluids B 4, 576 (1992).
[23] B. I. Cohen, B. F. Lasinski, A. B. Langdon, and E. A.
Williams, Phys. Plasmas 4, 956 (1997).
[24] B. I. Cohen, B. F. Lasinski, A. B. Langdon, E. A.
Williams, K. B. Wharton et al., Phys. Plasmas 5, 3408
(1998).
[25] D. H. Froula, L. Divol, D. G. Braun, B. I. Cohen, G.
Gregori, A. Mackinnon, E. A. Williams, S. H. Glenzer, H.
A. Baldis, D. S. Montgomery, and R. P. Johnson, Phys.
Plasmas 10, 1846 (2003).
[26] L. Divol, R. L. Berger, B. I. Cohen, E. A. Williams, A. B.
Langdon, B. F. Lasinski, D. H. Froula, and S. H. Glenzer,
Phys. Plasmas 10, 1822 (2003).
[27] B. I. Cohen, L. Divol, A. B. Langdon, and E. A. Williams,
Phys. Plasmas 12, 052703 (2005).
[28] B. J. Albright, L. Yin, K. J. Bowers, and B. Bergen,
Phys. Plasmas 23, 032703 (2016).
[29] B. Winjum, J. Fahlen, and W. Mori, Phys. Plasmas 14,
102104 (2007).
[30] R. L. Berger, S. Brunner, T. Chapman, L. Divol, C. H.
Still, and E. J. Valeo, Phys. Plasmas 20, 032107 (2013).
[31] R. L. Dewar, Phys. Fluids 15, 712 (1972).
[32] G. J. Morales and T. O’Neil, Phys. Rev. Lett. 28, 417
(1972).
[33] T. Chapman, R. L. Berger, S. Brunner, and E. A.
Williams, Phys. Rev. Lett. 110, 195004 (2013).
[34] Z. J. Liu, S. P. Zhu, L. H. Cao, C. Y. Zheng, X. T. He,
and Y. Wang, Phys. Plasmas 16, 112703 (2009).
[35] Z. J. Liu, X. T. He, C. Y. Zheng, and Y. G. Wang, Phys.
Plasmas 16, 093108 (2009).
[36] C. Z. Cheng and G. Knorr, J. Comp. Phys. 22, 330
(1976).
[37] D. J. Strozzi, M. M. Shoucri, and A. Bers, Comput. Phys.
Commun. 164, 156 (2004).
[38] A. Mangeney, F. Califano, C. Cavazzoni, and P.
Travnicek, J. Comput. Phys. 179, 495 (2002).
[39] F. Califano and L. Galeotti, Phys. Plasmas 13, 082102
(2006).
[40] I. B. Bernstein, J. M. Greene, and M. D. Kruskal, Phys.
Rev. 108, 546 (1957).
